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ON THE DIMENSION OF THE SCHUR MULTIPLIER OF
NILPOTENT LIE ALGBERAS
PRADEEP K. RAI
Abstract. We give a bound on the dimension of the Schur multiplier of
a finite dimensional nilpotent Lie algebra which sharpens the earlier known
bounds.
1. Introduction
Let L be a finite dimensional Lie algebra. By γi(L) and Zi(L) we denote the
i-th term in the lower and upper central series of L respectively. The dimension of
the vector space L is denoted by dim(L). For a subset H of L, 〈H〉 denotes the
vector subspace generated by H .
The analogous theory for the Schur multiplier of a Lie algebra was developed
in the dessertation of Batten and it has been further investigated in many recent
papers [1, 2, 3, 4, 5, 6, 8, 9, 11, 12, 13, 14]. In most of the cases the theory runs
parellel, though there are instances where the results for the Lie algebra does not
match with the results for groups. For example it is a well known fact that there
can be more than one cover for a finite group, but it has been proved in [2] that
every finite dimensional Lie algebra has a unique cover. Also we have examples of
groups generated by two elements having trivial Schur multiplier, but it has been
proved by Bosko and Stitzinger in [4] and also by Riyahi and Salemkar in [11] that
if a finite dimensional nilpotent Lie algebra has dimension greater than one, then
its Schur multiplier is non-zero (however note a similar result proved by Golod and
Safarevic in 1964, that if a finite p-group is generated by at least 4 elements, then
its Schur multiplier is non-zero [7]). Let L be a finite dimensional c-step nilpotent
Lie algebra with dim(L) = n and dim(γ2(L)) = m and M(L) denotes its Schur
multiplier. Batten and others proved that dim(M(L)) ≤ 12n(n− 1) [3]. Improving
this bound Hardy and Stitzinger proved that dim(M(L)) ≤ 12n(n − 1) −m. This
result was further improved by Yankosky [14]. He established the following bound
(1.1) dim(M(L)) ≤ dim(M(L/γc(L))) + dim(L/γc(L)) dim(γc(L))− dim(γc(L))
and derived that
dim(M(L)) ≤
1
2
(n+m)(n−m− 1) =
1
2
n(n− 1)−
1
2
m(m− 1).
Improving this bound, Niroomand and Russo proved that ifm ≥ 1 then dim(M(L) ≤
1
2 (n−m− 1)(n+m− 2) + 1 [9]. We note here that this bound of Niroomand and
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Russo also follows from [6, Theorem 3.10] where Eshrati and others obtained a
bound for the dimension of the Schur multiplier of a nilpotent n-Lie algebra.
In the following theorem we find an analogous bound to the bound in [10, The-
orem 1.1] improving the bound of Niroomand and Russo.
Theorem 1.1. Let L be a c-step nilpotent Lie algebra with dim(L) = n and
dim(γ2(L)) = m ≥ 1. Then
dim(M(L)) ≤
1
2
(n−m− 1)(n+m)−
min(n−m,c)∑
i=2
n−m− i.
2. Preriquisites
The following lemma gives the dimension of the Schur multiplier of an abelian
Lie algebra.
Lemma 2.1. [3, Lemma 3] A Lie algebra L of dimension n is abelian if and only
if dim(M(L)) = 12n(n− 1).
Remark 2.2. Let F/R be a free presentation of a c-step nilpotent Lie algebra L.
Eshrati et al. established the following equation (see the proof of [6, Theorem 3.6]):
(2.1) dim(γc(L)) + dim(M(L)) = dim(M(L/γc(L))) + dim
(
[F, γc(F ) +R]
[R,F ]
)
.
They also defined the following surjective bilinear map
f :
F
Sc−1
×
γc(F ) +R
R
7→
[F, γc(F ) +R]
[R,F ]
(x+ Sc−1, fc +R) 7→ [x, fc][R,F ],
where Sc−1 is given by Zc−1(L) = Sc−1/R. Clearly γ2(F ) + R ≤ Sc−1. Hence
this gives an epimorphism λc :
L
γ2(L)
⊗ γc(L) 7→
[F, γc(F )+R]
[R,F ] .
Similarly the maps
F
γ2(F ) +R
×
γi(F ) +R
γi+1(F ) +R
7→
[F, γi(F ) +R]
[γi+1(F ) +R,F ]
can be defined, giving epimorphisms
λi :
L
γ2(L)
⊗
γi(L)
γi+1(L)
7→
[F, γi(F ) +R]
[γi+1(F ) +R,F ]
for 2 ≤ i ≤ c− 1.
3. Schur multiplier of nilpotent Lie algebras
Lemma 3.1. Let L be a Lie algebra. Then for x1, x2, . . . , xi+1 ∈ L,
[[x1, x2, · · · , xi]l, xi+1] + [[xi+1 , [x1, x2, · · ·xi−1]l], xi]
+[[[xi, xi+1]r, [x1, · · · , xi−2]l], xi−1]
+[[[xi−1, xi, xi+1]r, [x1, x2, · · · , xi−3]l], xi−2] + · · ·+ [[x2, · · · , xi+1]r, x1] = 0
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for i ≥ 3, where
[x1, x2, · · ·xi]r = [x1, [· · · [xi−2, [xi−1, xi]] . . .]
and
[x1, x2, · · ·xi]l = [. . . [[x1, x2], x3], · · · , xi].
Proof. First we prove the lemma for i = 3. In the following Jacoby idenity
[α1, α2, α3]l + [α2, α3, α1]l + [α3, α1, α2]l = 0,
putting α1 = [x1, x2], α2 = x3, α3 = x4, we get
[[x1, x2], x3, x4]l + [x3, x4, [x1, x2]]l + [x4, [x1, x2], x3]l = 0.
Applying Jacoby identity again with α1 = x1, α2 = x2 and α3 = [x3, x4], we have
[x1, x2, [x3, x4]]l + [x2, [x3, x4], x1]l + [[x3, x4], x1, x2]l = 0.
This, together with the previous equation, gives that
[[x1, x2], x3, x4]l + [x2, [x3, x4], x1]l + [[x3, x4], x1, x2]l + [x4, [x1, x2], x3]l = 0.
This proves the lemma for i = 3.
Now suppose that the lemma is true for some i = j ≥ 3, i.e., for α1, α2, . . . αj+1 ∈
L we have
[[α1, α2, · · · , αj ]l, αj+1] + [[αj+1, [α1, α2, · · ·αj−1]l], αj ]
+[[[αj , αj+1]r, [α1, · · · , αj−2]l], αj−1]
+[[[αj−1, αj , αj+1]r, [α1, α2, · · · , αj−3]l], αj−2] + · · ·+ [[α2, · · · , αj+1]r, α1] = 0.
Putting α1 = [x1, x2], α2 = x3, α3 = x4, . . . , αj+1 = xj+2 in the above equation we
get
[[x1, x2, · · · , xj+1]l, xj+2] + [[xj+2, [x1, x2, · · ·xj ]l], xj+1]
+[[[xj+1, xj+2]r, [x1, · · · , xj−1]l], xj ]
+[[[xj , xj+1, xj+2]r, [x1, x2, · · · , xj−2]l], xj−1] + · · ·+ [[x3, · · · , xj+2]r, [x1, x2]] = 0.
Applying Jacoby identity we have
[[x3, · · · , xj+2]r, [x1, x2]] = [[x2, [x3, · · · , xj+2]r], x1] + [[[x3, · · · , xj+2]r], x1], x2].
Using this in the prevoius equation we see that the lemma is true for j + 1. This
completes the proof. 
Corollary 3.2. Let λi, for 2 ≤ i ≤ c be as defined in Remark 2.2. Then
Ψi(x1, x2, . . . , xi+1) := [x1, x2, · · · , xi]l ⊗ xi+1 + [xi+1, [x1, x2, · · ·xi−1]l]⊗ xi
+[[xi, xi+1]r, [x1, · · · , xi−2]l]⊗ xi−1
+[[xi−1, xi, xi+1]r, [x1, x2, · · · , xi−3]l]⊗ xi−2
+ · · ·+ [x2, · · · , xi+1]r ⊗ x1 ∈ ker(λi).
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Proof of Theorem 1.1: Let F/R be a free presentation of L and λi, 2 ≤ i ≤ c,
be as defined in Remark 2.2. Then by Equation 2.1 we have
dim(M(L)) = dim(M(L/γc(L)))−dim(γc(L))+dim
(
L
γ2(L)
⊗γc(L)
)
−dim(ker(λc)),
which further gives
(3.1)
dim(M(L)) = dim(M(L/γc(L)))+
(
dim
(
L
γ2(L)
)
−1
)
dim γc(L)−dim(ker(λc)).
Notice for 2 ≤ i ≤ c that L
γi(L)
is an (i−1)-step nilpotent Lie algebra and F
γi(F )+R
is a free presentation of L
γi(L)
. Therefore a repeated application of Equation 3.1 for
the dimension of M(L/γi(L)), for 2 ≤ i ≤ c gives us that
(3.2)
dim(M(L) = dim(M(L/γ2(L)))+
(
dim
(
L
γ2(L)
)
−1
)
dim γ2(L)−
c∑
i=2
dim(ker(λi)).
Let U = {x1, x2, . . . , xn−m} be a minimal system of generators of L. Fix
i ≤ min(n − m, c). Since i ≤ c, γi(L)/γi+1(L) is non-trivial. We can choose
a commutator [y1, y2, · · · , yi] of weight i such that [y1, y2, · · · , yi] /∈ γi+1(L) and
y1, . . . , yi ∈ U . Since i ≤ n − m, U\{y1, y2, · · · , yi} contains at least n − m − i
elements. Choose any n−m− i elements z1, z2, . . . , zn−m−i from U\{y1, y2, · · · , yi}.
Since [y1, y2, · · · , yi] /∈ γi+1(L) and zj /∈ {y1, y2, · · · , yi}, Ψi(y1, . . . , yi, zj) 6= 1. No-
tice that the set {Ψi(y1, . . . , yi, zj) | 1 ≤ j ≤ n−m− i} is a linearly independent
set because {x1, x2, · · · , xn−m} is a minimal system of generators for L. It follows
from Corollary 3.2 that dim(ker(λi)) ≥ n−m− i. Now putting this into Equation
3.2 and applying Lemma 2.1 we get the required result. 
Remark 3.3. Note that λis can be defined from
L
γ2(L)Z(L)
⊗ γi(L)
γi+1(L)
, and there-
fore bound in Theorem 1.1 can be further improved by subtracting the number
dim( Z(L)
γ2(L)∩Z(L)
) dim(γ2(L)).
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